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Abstract. O’Grady constructed a 6-dimensional irreducible holomorphic symplectic va-
riety by taking a crepant resolution of some moduli space of stable sheaves on an abelian
surface. In this paper, we naturally extend O’Grady’s construction to fields of positive char-
acteristic p 6= 2, called OG6 varieties. Assuming p ≥ 3, we show that a supersingular OG6
variety is unirational, its rational cohomology group is generated by algebraic classes, and
its rational Chow motive is of Tate type. These results confirm in this case the generalized
Artin–Shioda conjecture, the supersingular Tate conjecture and the supersingular Bloch
conjecture proposed in our previous work, in analogy with the theory of supersingular K3
surfaces.

1. Introduction

The study on supersingular irreducible symplectic varieties was started in the previous
work of the first two authors [19]. As a continuation, we study in this paper O’Grady’s
6-dimensional irreducible symplectic varieties in positive characteristics, and investigate the
general conjectures formulated in [19] for such varieties.

1.1. Background. In complex geometry, irreducible symplectic manifolds, also known as
compact hyper-Kähler manifolds, are by definition simply connected compact Kähler man-
ifolds admitting a nowhere degenerate holomorphic 2-form that is unique up to scalars.
Together with complex tori and Calabi–Yau manifolds, they form the fundamental build-
ing blocks for compact Kähler manifolds with vanishing first Chern class, by the Beauville–
Bogomolov decomposition theorem [11, 5]. We refer the readers to [22, 21, 45] for an overview
of the study of these varieties.

By definition, 2-dimensional irreducible symplectic varieties are nothing but K3 surfaces.
A significant part of the theory of complex K3 surfaces can be generalized to higher-
dimensional irreducible symplectic varieties: deformation theory, quadratic form on the
second cohomology group [5], moduli spaces and period maps, global Torelli theorems
[53, 54, 34, 23], and conjecturally their algebraic cycles [7, 6, 56], etc. On the other hand, over
a field of positive characteristic, the study of K3 surfaces has also been an active and fruitful
research topic. One instance is the Tate conjecture [52] for K3 surfaces: the case of finite
height was solved in [42, 41], while a complete proof in the supersingular case was achieved
only recently [36, 14, 33, 15, 27]. It is a natural task to explore the higher-dimensional
analogue of K3 surfaces in positive characteristics. We use the following working definition
proposed in [19] (see also [57]):

Definition 1.1. A smooth projective variety X over an algebraically closed field k is called
symplectic if

• πét
1 (X) = 0;

• X admits a nowhere degenerate closed algebraic 2-form.
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In particular, X is even dimensional and has trivial canonical bundle. A symplectic variety
X is called irreducible symplectic if moreover we have dimH0(X,Ω2

X) = 1.

An important feature that only appears in positive characteristic is the existence of su-
persingular varieties. Fix an algebraically closed field k of characteristic p > 0. Recall that
a K3 surface S defined over k is called supersingular, following Artin [4], if the second crys-
talline cohomology H2

cris(S/W (k)) is a supersingular F -crystal, that is, its Newton polygon
is a straight line. The aforementioned Tate conjecture implies that it is equivalent to Sh-
ioda’s condition [49] that the second (`-adic or crystalline) cohomology group is generated
by divisor classes. A systematic study of supersingular symplectic varieties was initiated in
our previous work [19], where two types of supersingularity were defined. More precisely, a
symplectic variety X is called

• 2nd-Artin supersingular, if its second crystalline cohomology group H2
cris(X/W ) is a

supersingular F -crystal;
• 2nd-Shioda supersingular, if its Picard number is maximal: ρX = b2(X).

Similarly, there are stronger notions of supersingularity that concern the whole cohomology
group. For simplicity, let us assume in addition that all the odd Betti numbers of X are
zero. Then a symplectic variety X is called

• fully Artin supersingular, if H2i
cris(X/W ) is a supersingular F -crystal for any i ∈ N;

• fully Shioda supersingular, if all `-adic and crystalline cohomology groups are rationally
generated by algebraic classes.

It is easy to see that the 2nd (resp. fully) Shioda supersingularity implies the 2nd (resp. fully)
Artin supersingularity. See [19, Definitions 2.1 and 2.3]) for more details.

1.2. Conjectural picture. Motivated by properties of supersingular K3 surfaces, we pro-
posed the following conjecture in [19]. It relates the cohomological, geometric, and motivic
aspects of supersingular symplectic varieties.

Conjecture 1.2. Let X be a symplectic variety defined over an algebraically closed field k,
with vanishing odd Betti numbers. If X is 2nd-Artin supersingular, then

(i) X is fully Shioda supersingular, i.e. the (`-adic and crystalline) cycle class map is
surjective.
(ii) X is unirational;
(iii) The rational Chow motive is of Tate type. In particular, the (`-adic and crystalline)
cycle class map is injective.

Remark 1.3. In the above conjecture,

• the assumption on Betti numbers is for the simplicity of the statement. See [19, Con-
jectures A and B] for the general version where non-zero odd cohomology is allowed;
• Part (i) says that all notions of supersingularity defined in [19] are equivalent. This can
be seen as a generalization of the Tate conjecture [52] in the supersingular case.
• Part (ii) is the generalization of the Artin–Shioda conjecture on the unirationality of
supersingular K3 surfaces [4, 50].
• Part (iii) can be viewed as a Bloch-type conjecture (cf. [10], [2, § 11.2] and [55, Conjec-
ture 23.21]) in the supersingular case.

Here are some evidence of Conjecture 1.2:

• For K3 surfaces,
(i) is the Tate conjecture, proved in [36, 14, 33, 15, 27].
(ii) was proved for p = 2 by Rudakov–Šafarevič [48] and remains open in general (see

however [32, 12, 13]).
(iii) was proved by Fakhruddin [18] (his result is for p ≥ 5, but one can show it in general
by using [12], see [19, §4.5]).
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• For smooth projective moduli spaces of stable sheaves on K3 surfaces, [19, Theorem
1.3] established (i) and (iii), and reduces (ii) to the unirationality of supersingular K3
surfaces.
• For the Albanese fiber of a moduli space of stable sheaves on an abelian surface, provided
that it is smooth, [19, Theorem 1.4] proved the analogue of (i) and (iii) with non-vanishing
odd cohomology, and showed that it is rationally chain connected, a weaker version of (ii).

Note that in these results, the symplectic varieties considered are all deformation equiv-
alent to one of the examples constructed by Beauville [5], namely, Hilbert schemes of K3
surfaces and generalized Kummer varieties. The primary goal of this paper is to seek for
examples of different deformation type that satisfy Conjecture 1.2.

1.3. Main results. Over the complex numbers, apart from the two infinite series of defor-
mation types of irreducible symplectic varieties of Beauville, so far we only know other two
sporadic families discovered by O’Grady [43, 44]:

• Let S be a projective K3 or abelian surface. Let v0 ∈ H∗(S,Z) with v2
0 = 2 and H a

sufficiently general polarization. The moduli space MH(S, 2v0) of H-semistable sheaves on
S with Mukai vector 2v0 is singular. In O’Grady [43], for v0 = (1, 0,−1), a 10-dimensional

holomorphic symplectic manifold M̃H(S, 2v0) was constructed as a crepant resolution of
MH(S, 2v0). This construction was extended to any v0 with v2

0 = 2 by Lehn–Sorger [51],
obtaining symplectic varieties that are deformation equivalent to O’Grady’s example by

[46]. When S is a K3 surface, the crepant resolution M̃H(S, 2v0) is irreducible symplectic,
called an OG10 variety.
• When S is an abelian surface, for any v0 with v2

0 = 2, the Albanese map of the crepant
resolution

alb: M̃H(S, 2v0) −→ S × S∨

is an isotrivial fibration. Any fiber of this fibration is a 6-dimensional irreducible symplec-
tic variety [44, 51], called an OG6 variety.

We will adapt the construction of O’Grady and Lehn–Sorger to positive characteristics > 2
(Theorem 2.7 and Theorem 2.10). The resulting variety is still called an OG6 variety. The
following is the main result of this article, confirming Conjecture 1.2 for supersingular OG6
varieties.

Theorem 1.4. Let k be an algebraically closed field of characteristic p ≥ 3, and A an abelian
surface defined over k. Let v0 be a Mukai vector on A with v2

0 = 2 and set v = 2v0. For
any v-generic polarization H, let KH(A, v) be the Albanese fiber of the moduli space of H-

semistable sheaves with Mukai vector v. Then O’Grady’s crepant resolution K̃H(A, v) is a
symplectic variety and the following conditions are equivalent:

(i) A is supersingular;

(ii) K̃H(A, v) is 2nd-Artin supersingular;

(iii) K̃H(A, v) is unirational;

(iv) The rational Chow motive of K̃H(A, v) is of Tate type;

(v) K̃H(A, v) is fully Shioda supersingular: all rational (`-adic or crystalline) cohomology
groups are generated by algebraic classes.

Moreover, if one of these conditions is satisfied, K̃H(A, v) is an irreducible symplectic variety.

Remark 1.5. According to Theorem 1.4, the OG6 construction provides a 1-dimensional
family of supersingular symplectic varieties. It is very interesting to investigate the supersin-
gular locus in the moduli space of symplectic varieties of OG6 deformation type. A natural
question is whether every supersingular symplectic varieties of OG6 type is birational to an

OG6 construction K̃H(A, v). We believe that similarly to the case of symplectic varieties of

K3[n] deformation type, there exist supersingular symplectic varieties of OG6 deformation
type arising as moduli spaces of twisted sheaves on supersingular abelian surfaces, which
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are not birational to K̃H(A, v). In particular, we expect that the supersingular locus has
dimension at least 2.

The proof of Theorem 1.4 essentially splits into two steps:

(a) Upon improving the techniques developed in [19], we show in Theorem 3.6 that given

a supersingular abelian surface A, all such OG6 varieties K̃H(A, v), for different choices of
v, are birationally equivalent with good lifting properties (Definition 3.2).
(b) For certain choice of Mukai vector v0, we use a construction of Mongardi–Rapagnetta–

Saccà [39], which relates the OG6 variety to a moduli space of stable sheaves on the Kummer
K3 surface of A, which was thoroughly studied in our previous work [19].

The technique of lifting to characteristic zero is used in several places, but note that the
proof of the unirationality result does not rely on the lifting argument.

The paper is organized as follows. In §2 we generalize the construction of O’Grady [44]
and Lehn–Sorger [51] to odd characteristic and show that thus obtained OG6 varieties are
symplectic varieties. In §3, we establish the birational equivalences between supersingular
OG6 varieties (Step (a) above). In §4, we adapt Mongardi–Rapagnetta–Saccà’s construction
[39] and finish the proof of Theorem 1.4 (Step (b)).
Convention:

• k is the base field, which is always assumed to be algebraically closed with char(k) =
p > 0.
• W = W (k) is the ring of Witt vectors of k, which comes equipped with a morphism
σ : W →W induced by the Frobenius morphism.
• K is the fraction field of W .
• Bcris is the crystalline period ring of K.
• For an algebraic varietyX over a field E and an integer i, H i

`(X) denotes the i-th integral
`-adic cohomology H i

ét(XE ,Z`), and H i
`(X)Q` denotes the rational `-adic cohomology if

` 6= char(E).
• For a k-algebraic variety X and i ∈ N, we denote by H i

cris(X/W ) the i-th integral
crystalline cohomology of X, which is a W -module whose rank is equal to the i-th Betti
number of X. We set H i(X) := H i

cris(X/W )/torsion and H i(X)K = H i
cris(X/W )⊗W K.

Then H i(X) is endowed with a natural σ-linear map ϕ : H i(X) → H i(X) induced from
the absolute Frobenius morphism F : X → X. The pair (H i(X), ϕ) (resp. (H i(X)K , ϕK))
forms therefore an F -crystal (resp. F -isocrystal).
• For a Breuil–Kisin module M and an integer n, the notation M{n} stands for the n-th
Tate twist defined in [9, Example 4.2].
• h is the contravariant functor that associates a variety its rational Chow motive.

Acknowledgement: We thank Giovanni Mongardi for helpful discussions. We thank also
the referee for his or her stimulating comments.

2. O’Grady–Lehn–Sorger’s construction in positive characteristic

In this section, we adapt the construction of Lehn–Sorger and O’Grady to obtain a 6-
dimensional symplectic variety over a field of positive characteristic, as a crepant resolution
of a singular moduli spaces of semistable sheaves on an abelian surface.

2.1. Moduli spaces of sheaves on abelian surfaces. One natural way to construct
symplectic varieties is to consider certain moduli spaces of coherent sheaves on abelian and
K3 surfaces. Over the complex numbers, this is an observation of Mukai [40], which is
adapted to fields of positive characteristic in [19, Propositions 4.4 and 6.9]. Let A be an
abelian surface over k. We denote by

ÑS(A) = Z · 1⊕NS(A)⊕ Z · ω
the algebraic Mukai lattice of A, where 1 is the fundamental class of S and ω is the class

of a point. An element r · 1 + L + s · ω of ÑS(A), where r, s ∈ Z and L ∈ NS(A), is often



SUPERSINGULAR O’GRADY VARIETIES OF DIMENSION SIX 5

denoted by (r, L, s). The lattice structure on ÑS(A) is given by the Mukai pairing 〈−,−〉:〈
(r, L, s), (r′, L′, s′)

〉
= (L · L′)− rs′ − r′s ∈ Z. (2.1)

For a coherent sheaf F on A, its Mukai vector is the same as its Chern character:

v(F) := ch(F)
√

td(A) = (rk(F), c1(F), χ(F)) ∈ ÑS(A).

Let us recall the notion of genericity of polarization.

Definition 2.1. Let v ∈ ÑS(A). An ample line bundle H is called v-generic if

• when v is primitive, all H-semistable sheaves on A are H-stable;

• when v = nv0 with n ∈ N and v0 ∈ ÑS(A) primitive, H is v0-generic and for any stable
factor E of a H-semistable sheaf F , we have v(E) = mv0 with 1 ≤ m ≤ n.

Let us discuss the wall-and-chamber structure on the ample cone Amp(A) with respect to
v. This plays an important role in the proof of our main theorem.

Lemma 2.2. For any torsion free H-semistable sheaf F on A over an algebraically closed
field k, the Bolgomolov inequality

∆(F) = 2 rk(F)c2(F)− (rk(F)− 1)c2
1(F) ≥ 0 (2.2)

holds.

Proof. We will show that F is strongly semistable in Lemma 2.8, thus we can invoke Langer’s
result [30, Theorem 0.1]. ♣

Given a Mukai vector v ∈ ÑS(A), we can see the ∆(−) is constant for all pure sheaves
whose Mukai vectors are v. Thus we will denote it by ∆ for simplicity if the Mukai vector is
fixed. If rk(v) > 0 and ∆ > 0, then we define the following set

Wv :=

{
D ∈ NS(A)

∣∣∣− rk(v)

4
∆ ≤ D2 < 0

}
.

If ∆ = 0, then we will set Wv = ∅.

Definition 2.3. The v-wall in Amp(A) associated to some D ∈ Wv is the hyperplane in
Amp(A) defined as

WD :=
{
H ∈ Amp(A)

∣∣H ·D = 0
}
.

A v-chamber means a connected component of

Amp(A)\
⋃

D∈Wv

WD.

Lemma 2.4. Let H be an ample divisor on A. If for any (−2)-class D ∈ NS(A) we have
D ·H 6= 0, then H is (2, 0,−2)-generic. In particular, if H lies in any (2, 0,−2)-chamber,
then H is (2, 0,−2)-generic.

Proof. It is sufficient to show that the stable factors of an H-polystable sheaf F with v(F) =
(2, 0,−2) are with Mukai vector (1, c1,−1) such that c1 = 0 or c1 is a (−2)-class in NS(A).

The purity of F implies that its stable factors are of rank 1. Thus F can be written as

F = E1 ⊕ E2

such that v(E1) = (1, c1, s) and v(E2) = (1, c′1, s
′). They satisfy the following equations:

c1 + c′1 = 0, c1 ·H = c′1 ·H = 0,

s+ s′ = 2.
(2.3)

From these equations, we can deduce that c′21 = c2
1 = c2(E1) + c2(E2)−2. Thus c′21 = c2

1 ≥ −2
as the Bogomolov’s inequality (2.2) implies that c2(Ei) ≥ 0, . If c2

1 ≥ 0, then c1 = 0 follows
from the Hodge index theorem, as c1 ·H = 0. Hence the set of solutions of c1 to the (2.3) is
contained in {

c1 ∈ NS(A)
∣∣c1 ·H = 0, c2

1 = −2
}
∪ {0}.
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If
{
c1 ∈ NS(A)

∣∣c1 ·H = 0, c2
1 = −2

}
= ∅, then H is (2, 0,−2)-generic, which is our claim. ♣

Remark 2.5. For a general v such that rk(v) > 0, it is still true that if an ample divisor H
lies in a v-chamber, then H is v-generic.

The following useful lemma shows that the v-genericity is preserved under lifting.

Lemma 2.6. Let v0 = (r, c1, s) be a Mukai vector. Let (A,H, c̃1) be a lifting of the triple
(A,H, c1) to a finite extension W ′ of W . Let K ′ be the fraction field of W ′. Then HK′ is
(2r, 2c̃1, 2s)-generic if H is 2v0-generic.

Proof. We can see HK′ is (r, c̃1, s)-generic from the properness of the relative moduli space
MH(A, (r, c̃1, s)).

Since the semistability is stable under field extensions, it is sufficient to consider the HK-
semistable sheaves on the geometric generic fiber Aη. Suppose that EK̄ is H⊗ K̄-polystable
sheaves on the geometric generic fiber Aη̄ such that v(EK̄) = 2v0 ⊗ K̄. If FK̄ a stable
factor of EK̄ , then we can find a stable factor Fk of Ek such that v(Fk) = v(FW )⊗ k, since
the specialization NS(Aη̄) → NS(A) is injective, by [37, Proposition 3.6] and the fact that
Néron–Severi groups of abelian surfaces are torsion-free. Thus the stable factors of EK̄ are
all with v0 ⊗ K̄ by the assumption that H is 2v0-generic. ♣

2.2. O’Grady–Lehn–Sorger’s construction: positive characteristics and lifting.

Keep the notations as before. Given an element v = (r, c1, s) ∈ ÑS(A) such that r ≥ 0,
(r, s) 6= (0, 0) and 〈v, v〉 ≥ 0, together with a v-generic ample line bundle H, we consider
the moduli space MH(A, v) of Gieseker–Maruyama H-semistable sheaves on S with Mukai
vector v. Fix a point [F0] ∈ MH(A, v), then the following morphism using the determinant
and the second Chern class

MH(A, v)→ Pic0(A)×A
F 7→

(
c1(F)− c1(F0), alb(c2(F)− c2(F0))

)
,

is the Albanese morphism for MH(A, v) and it is an isotrivial fibration. It is shown in
[19, Proposition 6.8] that when v is primitive with p - v2 and H is v-generic, the Albanese
fiber, denoted by KH(A, v), is a symplectic variety of generalized Kummer type of dimension
〈v, v〉 − 2, provided that it is smooth.

If the Mukai vector v ∈ ÑS(A) is not primitive, then the moduli space of H-semistable
sheaves MH(A, v) is in general singular even for a v-generic polarization H. We will con-
centrate in the particularly interesting case where v = 2v0 for some primitive Mukai vector
v0 with v2

0 = 2. Given a v-generic polarization H of the abelian surface A, there is a
stratification of MH(A, v) by the singular loci:

Ωv ⊂ Σv ⊂MH(A, v), (2.4)

where

• The closed variety Σv is the singular locus of MH(A, v) consisting of strictly semistable
sheaves (or equivalently, direct sums of two stable sheaves with Muakai vector v0).
• The closed variety Ωv is the singular locus of Σv which parameterizes sheaves of the
form F⊕2 with F a stable sheaf with Mukai vector v0.

It is clear that Σv is isomorphic to the symmetric square of Ωv.
Over the complex numbers, O’Grady [43, 44] (for special v0 and later Rapagnetta [47] for

all v0 with v2
0 = 2) constructed a symplectic resolution M̃H(A, v) of MH(A, v) in three steps:

(i) Blow up MH(A, v) along Ωv to get a space denoted M . Let Ωv be the exceptional
divisor and let Σv be the strict transform of Σv.
(ii) Blow up M along Σv, resulting a space denoted M̂ . Let Ω̂v be the strict transform of

Ωv, which is isomorphic to the Hilbert square of Ωv (hence smooth).
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(iii) Perform an extremal contraction on M̂ , which contracts Ω̂v as a P2-bundle onto Ω̃v.

The resulting variety is denoted by M̃H(A, v), which is shown to be a symplectic resolution

of MH(A, v), and Ω̃v is a 3-dimensional quadric bundle over Ωv.

In [51], Lehn and Sorger proved that O’Grady’s construction for M̃H(A, v) is isomorphic

to the blow-up of MH(A, v) along the singular locus Σv, and M̂ is obtained by a further

blow-up along Ω̃v, the preimage of Ωv.
To summarize, we have the following diagram:

M̂ = BlΣvBlΩvMH(A, v)

M̃H(A, v) = BlΣv MH(A, v) M = BlΩvMH(A, v)

MH(A, v)

blowing up Σv

blowing up Ω̃v

contracting Ω̂v

crepant

blowing up Σv blowing up Ωv

(2.5)
See [25] for a thorough discussion for more general Mukai vectors.

Return to a field k = k̄ with characteristic p > 0. The main goal of this section is to show
that everything works if p 6= 2, that the whole diagram (2.5) actually lifts to characteristic
zero (Proposition 2.9), and deduce information on the Albanese fiber, which will be the
characteristic-p version of O’Grady’s variety. Before start, we remark that the stratification
by singular loci (2.4) clearly remains valid. We first adapt Lehn–Sorger’s construction in
odd characteristics.

Theorem 2.7. Let k be an algebraically closed field such that char(k) = p 6= 2. Let v = 2v0

be a Mukai vector such that v0 ∈ ÑS(A) is primitive and v2
0 = 2. Then the blow-up of

MH(A, v) along Σv gives a symplectic resolution M̃H(A, v) → MH(A, v). Moreover, the
preimage of Ωv is a 3-dimensional quadric bundle over Ωv.

Proof. We follow the same idea as in [51] and [25], paying special attention to the singular
loci of Mv := MH(A, v) in positive characteristic and the failure of the Kodaira vanishing
theorem. Denote the blow-up

πv : BlΣv MH(A, v)→MH(A, v). (2.6)

Firstly we shall give a local description around points in Σv. For any [E ] = [F1⊕F2] ∈ Σv,
we will naturally identify Ext1(E , E) with its dual by Serre duality. Let k[Ext1(E , E)]∧ be
the completion of the polynomial ring

k[Ext1(E , E)] := Sym•(Ext1(E , E)∗)

at the maximal ideal of its origin. The Kuranishi map is encoded in a formal function:

κ : Ext2(E , E)∗0 → k[Ext1(E , E)]∧,

and we can write κ in the form κ =
∑∞

i=2 κi, satisfying the following properties:

• κ is Aut(E)-equivariant,
• any element in the image of κ, viewed as a formal function on Ext1(E , E), vanishes on
Ext1(Fi,Fi) for any i (this relies on the assumption that char(k) 6= 2),
• the quadratic term of κ, viewed as a map κ2 : Ext1(E , E) → Ext2(E , E)0, is given by
e 7→ 1

2e ^ e, where ^ is the Yoneda product,
• Let J be the ideal generated by the image of κ. Then we have an isomorphism

ÔMH(A,v),[E]
∼= (k[Ext1(E , E)]∧/J)Aut(E). (2.7)

An explicit construction of κ can be found in [51, Appendix A], which works in any charac-
teristic p 6= 2.
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(i) If [E ] = [F1⊕F2] ∈ Σv\Ωv with [F1] 6= [F2], we can write x ∈ Ext1(E , E) as
∑2

i,j=1 xij ,

such that xij ∈ Ext1(Fi,Fj). Since any element in the image of κ vanishes on Ext1(F1,F1)⊕
Ext1(F2,F2), we have

κ2(x) = x12 ^ x21.

Let Qss be the parameter space of H-semistable pure sheaves on A with the Mukai vector
v. An analogous proof as in [43, Proposition 1.4.1] shows that, the normal cone CΣv\ΩvQ

ss

at the point [E ] is isomorphic to κ−1
2 (0):

C := (CΣv\ΩvQ
ss)[E]

∼=
{

(x12, x21) ∈ Ext1(F1,F2)⊕ Ext1(F2,F1)|x12 ^ x21 = 0
}
,

where C is of maximal rank. In addition, the action of Aut(E) = Gm on κ−1
2 (0) is given by

λ(x12, x21) = (λx12, λ
−1x21).

Thus, we can see that the point [E ] ∈ Σv\Ωv ⊂MH(A, v) is of A1-singularity along Σv.
(ii) If [E ] = [F⊕2] ∈ Ωv, a direct computation shows that

Aut(E) ∼= GL2, Ext1(E , E) ∼= gl2 ⊗ V and Ext2(E , E)0
∼= sl2

where V := Ext1(F ,F) is a 4-dimensional k-vector space. Let {v1, v2, v3, v4} be a basis of V
such that the symplectic form ω on V is of the form

T =


0 1
−1 0

0 1
−1 0

 (2.8)

which gives an identification gl2 ⊗ V = gl⊕4
2 . We may denote by Ai the i-th projection

gl⊕4
2 → gl2 ⊗ {vi} under this identification. The (formal) local model of (MH(A, v), E) is

described as follows: let R = Sym•(sp4) and I0 the ideal of R generated by the coefficients
of matrices B2 with B ∈ sp4. Let Z ⊆ sp4 be the subvariety

{
B ∈ sp4

∣∣B2 = 0
}

. Following
[51], there is an isomorphism Z ∼= Spec(R/I0) and we have

ÔMH(A,v),[E]
∼= k[[x1, x2, x3, x4]]⊗k R∧/I0R

∧ ∼= ÔA4
k×Z,0

.

Here, xi := Tr(Ai). The construction of the first isomorphism fails when p = 2 as it relies on
the classical invariant theory of SL2, but valid when p 6= 2; see [17, Corollary 4.1].

The singular locus Zs ⊆ Z is the set

Zs =
{
B ∈ Z

∣∣ rk(B) ≤ 1
}
,

whose definition ideal in R is generated by the coefficients in Λ2B, denoted by L0. Formally
locally, Zs\0 is isomorphic to Σv\Ωv near E . We want to show that blowing up Zs gives a
resolution of Z.

Let Grω(2, V ) ⊂ Gr(2, V ) be the Grassmannian variety of 2-dimensional Lagrangian sub-

spaces of V . Define Z̃ ⊂ Z ×Grω(2, V ) as

Z̃ =
{

(B,U)
∣∣B(U) = 0

}
.

Then the projection π : Z̃ → Z is a smooth resolution because the other projection
Z̃ → Grω(2, V ) can be identified with the projection of cotangent bundle T ∗Grω(2, V ) →
Grω(2, V ), which is smooth. Moreover, we see that the fibers of π are 3-dimensional quadrics.

We claim that the projection π is isomorphic the blow-up of Z along the singular locus
Zs, i.e.

Z̃ = Proj

⊕
n≥0

π∗(p
∗OP(∧2))V ∗)(2n))

 ∼= Proj

⊕
n≥0

Ln0

 .

It is sufficient to show that there is a surjection

Ln0 � π∗(p
∗OP(∧2))V ∗)(2n))



SUPERSINGULAR O’GRADY VARIETIES OF DIMENSION SIX 9

as Z̃ is irreducible and dim Z̃ = dim Proj
(⊕

n≥0 L
n
0

)
. Lehn and Sorger’s proof in [51,

Theorem 2.1] was for characteristic 0, while everything also works in positive characteristics
except the vanishing condition:

H1
(

Grω(2, V ),Symk(TGrω(2,V ))(1)
)

= 0 for k ≥ 0,

which is used in [51, Lemma 2.2] as a corollary of the Griffiths vanishing theorem1. However,
as Grω(2, V ) is liftable, the Griffiths vanishing theorem holds (as a special case of Kodaira
Vanishing Theorem) for char(k) = p ≥ dim Grω(2, V ) = 3 by Delgine–Illusie; see [16]. Now
we can conclude that the blow-up πv in (2.6) is a symplectic resolution of MH(A, v). ♣

Our strategy to establish the diagram (2.5) in odd characteristics is to first lift it to
characteristic zero. To this end, we need to use relative moduli spaces of sheaves. As a
preliminary remark, we point out that there is no difference between semistablity and strong
semistablity for sheaves in the sense of [30] on abelian surfaces:

Lemma 2.8. Any torsion free H-semistable sheaf F on A over an algebraically closed field
k is strongly semistable, i.e. all Frobenius pull-backs (Fm)∗F , m ≥ 0, are H-semistable.

Proof. The sheaf of Kähler differential forms Ω1
A is trivial. Thus we have

Lmax(Ω1
A/k) := lim

m→∞

µmax(Fm)∗Ω1
A/k

pm
= 0,

where the µmax means taking the maximal slope in the Harder–Narashimhan filtration. We
can conclude by invoking [30, Corollary 6.2]. ♣

Let us start the lifting procedure:

Proposition 2.9 (Liftability). The diagram (2.5) is valid over any algebraically closed field

k of characteristic p 6= 2. Moreover, the variety M̃H(A, v) is liftable to characteristic zero.

Proof. First, by [19, Proposition 6.4], one can lift the triple (A,H, c1) to (A,H, c̃1) over some
mixed characteristics discrete valuation ring W ′, which is finite over W with residue field k.

Second, we can use Langer’s construction of the relative moduli spaces of (strongly)
semistable sheaves over mixed characteristic bases [29, 30]. For the ease of notations, we will
also denote (r, c̃1, s) by v. Let P be the following polynomial in Z[t]:

H2

2
rt2 + (c̃1 · H)t+ s.

Then we can take the relative moduli space MH(A, v) over W ′ by Langer’s result, which is
the fiber of the determinant morphism det : MH(A, P ) → Pic(A) at the section c̃1 : W ′ →
Pic(A). It uniformly corepresents the functor of H-semistable sheaves on A with Mukai
vector v and is projective over W ′. It implies that there is a unique proper morphism

δ : MH(A, v)×W ′ k →MH(A, v).

It is sufficient to show that it is an isomorphism. There is an open subscheme ofMH(A, v)s

which universally corepresents the moduli functor of H-stable sheaves with Mukai vector v
on A. In other words, the formation of MH(A, v)s commutes with any base change. In
particular,

MH(A, v)s ×W ′ k ∼= MH(A, v)s. (2.9)

Thus MH(A, v)s is a lifting of the coarse moduli space MH(A, v)s. From it, we can deduce
that the image of δ is dense in MH(A, v) since MH(A, v)s is open and dense in MH(A, v).
However, the image of δ is closed from its properness, which implies that δ is surjecitve,
hence a birational morphism. As both sides of δ are reduced and normal, by Zariski main
theorem, it remains to show that δ induces an injective map on the sets of closed points.

1Griffiths vanishing theorem says that for any ample sheaf E on a smooth projective variety X, for i ≥ 1
and k ≥ 0, Hi(X,ωX ⊗ Symk(E)⊗ det(E)) = 0.
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As k is algebraically closed, it suffices to check the injectivity on k-points. In fact, if H is
v-generic, which can be ensured by the genericity of H, then any strictly semistable point
[F ] ∈ MH(A, v) is of form [E1 ⊕ E2], where Ei are W ′-flat H-semistable sheaves on A with
Mukai vector v0. If [E1⊕E2] and [E ′1⊕E ′2] have the same image under δ, then the reductions
E1,k ⊕ E2,k and E ′1,k ⊕ E ′2,k are S-equivalent. We can assume that E1,k

∼= E ′1,k and E2,k
∼= E ′2,k.

However, similarly to (2.9), we have an isomorphism MH(A, v0)×W ′ k ∼= MH(A, v0), hence
we can conclude that E1

∼= E ′1 and E2
∼= E ′2. This is exactly the claimed injectivity.

Third, starting fromMH(A, v), on one hand, we can perform the two blow-ups of O’Grady

as in the right half of the diagram (2.5), over W ′, to construct M̂1. On the other hand, we can

also perform Lehn–Sorger’s blow-up, followed by a further blow-up along Ω̃, the preimage of

the (lifting of) Ωv, as in the left half of the diagram (2.5), always over W ′, to get M̂2. By the

result of Lehn–Sorger [51] recalled before, the generic fibers of M̂1 and M̂2 are isomorphic as
polarized varieties. When p 6= 2, since their special fibers are smooth, projective (Theorem
2.7) and clearly non-ruled, an application of Matsusaka–Mumford’s theorem [35] gives us a
polarized isomorphism between these special fibers. ♣

The variety M̃H(A, v) is a 10-dimensional variety admitting a symplectic form, but it is
not simply connected. We are interested in its Albanese fiber. Let KH(A, v) be the Albanese
fiber of

alb : MH(A, v)→ A× Â. (2.10)

The preimage K̃H(A, v) of KH(A, v) along O’Grady’s resolution πv : M̃H(A, v)→MH(A, v)
will be called an OG6 variety. We show in the following theorem that the OG6 variety is a
smooth symplectic variety for p ≥ 3, and we compute its second cohomology.

Theorem 2.10. With the same assumptions as in Theorem 2.7,

(i) if H is v-generic, then the OG6 variety K̃H(A, v) is a symplectic resolution of KH(A, v).
It is a 6-dimensional symplectic variety and is liftable to characteristic zero;

(ii) there is an isomorphism v⊥⊗K ⊕K(−1)→ H2
cris(K̃H(A, v))K of F -isocrystals. More-

over, if H2
cris(K̃H(A, v)) and H3

cris(K̃H(A, v)) are p-torsion-free, this induces an isomorphism

of F -crystals between v⊥ ⊗W ⊕W (−1) and H2
cris(K̃H(A, v)/W ).

Proof. For (i), we have the following Cartesian diagrams

K̃H(A, v)×A× Â M̃H(A, v)

KH(A, v)×A× Â MH(A, v)

A× Â A× Â ,

fv×id
A×Â πv

× v
2

2

see [59, (4.10)] and [58, Page 3]. If p - v2

2 , then the morphism ×v2

2 is finite and étale. Thus

the k-smoothness of M̃H(A, v) and that of K̃H(A, v) are equivalent if p - v2

2 ; similarly for the

existence of symplectic forms (see [19, Propositin 6.9]). As v2 = 8 and M̃H(A, v) is smooth by

Theorem 2.7, the OG6 variety K̃H(A, v) is smooth under the assumption char(k) 6= 2. The

morphism fv is a symplectic resolution by its construction. To lift K̃H(A, v), let M̃H(A, v)

be a lifting of M̃H(A, v) over W ′ as in Proposition 2.9. Then we can take its Albanese fiber to

obtain a lifting K̃H(A, v) for K̃H(A, v). By our construction, K̃H(A, v) is the preimage along

the πv of KH(A, v). Finally, to show that the étale fundamental group of K̃H(A, v) is trivial,
we use the simple connectedness of the generic fiber (a result established in characteristic
zero [44]) and the surjectivity of the specialization map for étale fundamental groups [1,
Exposé X, Corollaire 2.3].
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For (ii), let K ′ be the fraction field of the base ring W ′. By the results from characteristic
zero [46], there is an isomorphism of Zp-modules at the geometric generic fiber:

γv : v⊥ ⊗ Zp ⊕ Zp · η
∼−→ H2

p (K̃H(A, v)K′), (2.11)

where v⊥ is the orthogonal complement of v in the algebraic Mukai lattice H̃(A) with respect
to the Mukai pairing, and η is the class of the exceptional divisor of Lehn–Sorger’s blow-up

K̃H(A, v)K′ → KH(A, v)K′ . The morphism γv fits into the following commutative diagram

v⊥ ⊗ Zp

H2
p (KH(A, v)sK′) H2

p (KH(A, v)K′)

γv |v⊥⊗Zp
∼

γsv

j∗

Here the γsv is induced by some semi-universal sheaf E on A × KH(A, v)s and j∗ is the
pull-back along the open immersion j : KH(A, v)sK′ ⊂ KH(A, v)K′ ; see [46, Theorem 1.7].

We can assume that the field K ′ is contained in Cp. Let GK′ be the absolute Galois group
of K ′. Since j∗ and γsv are both GK′-equivariant, so is γv. Taking Fontaine’s functor, there
are isomorphisms(

v⊥ ⊗Qp Bcris

)GK′ ⊕K · η ∼= (H2
p (K̃H(A, v)K′)Qp ⊗Bcris

)GK′ ∼= H2
cris(K̃H(A, v))K .

The first isomorphism follows from (2.11) and the fact that η is GK′-invariant. The second
isomorphism comes from the rational p-adic Hodge theory. Thus it is sufficient to prove that(

v⊥ ⊗Qp Bcris

)GK′ ∼= v⊥ ⊗K.

Since H̃(AK′)Qp
∼= (v⊥ ⊗Qp)⊕Qp · v and (H̃(AK′)Qp ⊗Qp Bcris)

GK′ ∼= H̃(A)K , we can see(
v⊥ ⊗Qp Bcris

)GK′ ⊕K(−1) ∼= H̃(A)K ∼= v⊥ ⊗K ⊕K · v.

as F -isocrystals. Since there is an isomorphismK·v ∼= K(−1), we can identify
(
v⊥ ⊗Qp Bcris

)GK′
with v⊥ ⊗K. From this, we can conclude that

v⊥ ⊗K ⊕K · η ∼= H2
cris(K̃H(A, v))K .

Recall that in [28], Kisin constructed a functor BK(−) from the category of Zp-lattices in
crystalline representations to the category of Breuil–Kisin modules, which satisfies

BK(−)⊗W JuK K ' (−⊗Qp Bcris)
GK′ .

We can replace the Fontaine’s functor by the Kisin’s functor BK(−) in our previous discus-
sion, so that we will obtain an isomorphism of Breuil–Kisin modules 2

v⊥ ⊗Zp W JuK⊕W JuK{−1} ∼= BK(H2
p (K̃H(A, v)K′). (2.12)

Under the assumption that H2
cris(K̃H(A, v)/W ) and H3

cris(K̃H(A, v)/W ) are p-torsion-free,
the integral p-adic comparison theorem [9, Theorem 1.1 (iii)] allows us to obtain the desired
isomorphism of F -crystals by tensoring both sides of (2.12) with W . ♣

Remark 2.11. The above proof for (ii) is indirect. The reason is that in general we can not
lift KH(A, v) to W (but only to a ring W ′ which is finite over W ), for example, when A is
superspecial and H, v are arbitrary. In case such lifting exists, we can apply the Berthelot–
Ogus’s comparison theorem [8, Theorem 2.4] directly to compute the F -(iso)crystals.

2Here we also need to use the integral p-adic comparison for abelian surface A, whose p-torsion-freeness is
clear. We also need the fact that BK(Zp(−1)) = W JuK{−1}, which can be found in [9, Corollary 4.33].
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Remark 2.12. If characteristic p ≥ dim(KH(A, v)) = 6, and there is a lifting of KH(A, v)
to W2(k), then the required torsion-freeness follows from the E1-degeneration of the Hodge-
to-de Rham spectral sequence, which is known by Deligne–Illusie’s criterion [16, Théorème
2.1, Corollaire 2.5]. In fact, we can also include p = 5 from their criterion since we only
require the torsion-freeness of the second and third cohomology groups. The argument is
the same as [15, Proposition 2.6].

3. Birational equivalences among supersingular OG6 varieties

From now on, we focus on the OG6 varieties that are 2nd-Artin supersingular. We first
prove that this condition is equivalent to the supersingularity of the abelian surface, i.e. (i)⇔
(ii) in Theorem 1.4.

Lemma 3.1. Let A be an abelian surface, v0 ∈ ÑS(A) a primitive Mukai vector with v2
0 = 2.

Let v = 2v0 and H be a v-generic polarization. Then the OG6 variety X = K̃H(A, v) is
2nd-Artin supersingular if and only if the abelian surface A is supersingular.

Proof. Since the supersingularity of an F -crystal is stable under isogenies, it is sufficient to

show that the Newton polygon of H2
cris(K̃H(A, v))K is purely of slope 1 if and only if A is

supersingular. In Theorem 2.10, it is shown that

H2
cris(K̃H(A, v))K ∼= v⊥ ⊗K ⊕K(−1).

As K(−1) is purely of slope 1, we see that H2(K̃H(A, v))K is supersingular if and only if

v⊥ ⊗K ⊂ H̃(A)K := H2
cris(A)K ⊕K(−1)⊕2 is supersingular, which is also equivalent to the

condition that H2
cris(A)K is a supersingular crystal. This implies that the Newton polygon of

H1
cris(A)K has to be a straight line of slope 1

2 , which is equivalent to the classical definition
of supersingularity for A. ♣

In view of Lemma 3.1, we assume in the sequel that A is a supersingular abelian surface
over k. When v is a primitive Mukai vector and H is a v-generic polarization, the supersin-
gular symplectic variety KH(A, v) is studied in our previous work [19]. Let us recall one of
the main results in [19], which characterizes supersingular generalized Kummer type moduli
spaces up to birational equivalence.

Definition 3.2 ([19, Definition 3.15]). Two symplectic varieties X and X ′ are said liftably
birationally equivalent, if they are both liftable over some discrete valuation ring of char-
acteristic zero with residue field k, such that their geometric generic fibers are birationally
equivalent. Two symplectic varieties X and X ′ are called quasi-liftably birationally equivalent
if they can be connected by a chain of quasi-liftably birational equivalences.

Theorem 3.3 ([19, Theorem 6.12], [31]). Let v = (r, c1, s) ∈ ÑS(A) be a primitive Mukai
vector with r > 0 such that v is coprime to p. Then there is an autoequivalence ΦA→A :

Db(A) → Db(A) with Φ∗(1, 0,−n − 1) = v and n = v2

2 − 1 which induces a quasi-liftably
birational equivalence

MH(A, v) 99K Pic0(A)×A[n+1], (3.1)

and by restricting to Albanese fibers, a quasi-liftably birational equivalence

KH(A, v) 99K Kn(A), (3.2)

where Kn(A) denotes the 2n-dimensional generalized Kummer variety associated with A.

As shown in [19], the same result holds for moduli spaces of stable sheaves with primitive
Mukai vectors on supersingular K3 surfaces.

Our goal is to generalize Theorem 3.3 to OG6 varieties. One useful tool is the following
so-called wall-crossing principle, which holds over an arbitrary base field.
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Proposition 3.4. Let A be an abelian surface defined over a field. Let m ≥ 1 be a positive
integer which is coprime to p. Let v0 be a primitive Mukai vector on A. Let H be a mv0-
generic ample divisor in NS(A). Suppose

ΦA→A′ : D
b(A)→ Db(A′)

is a Fourier–Mukai equivalence whose cohomological transform φHA→A′ sends v0 to v′0. Let
H ′ be an mv′0-generic polarization on A′. Then there is a birational equivalence:

MH(A,mv0) MH′(A
′,mv′0).∼ (3.3)

Moreover, it also induces birational map between the Albanese fibers

γ : KH(A,mv0) 99K KH′(A
′,mv′0). (3.4)

Proof. In [38, Theorem 5.4.1], it has been proved that for a general H-stable sheaf E ∈
MH(A, v0), if H ′ is generic with respect to v, then there is an autoequivalence ΨA′→A′ on
Db(A′) such that ΨA′→A′ ◦ΦA→A′(E) or its dual is H ′-stable sheaf of Mukai vector v′0 up to
shift. Whence, for a general polystable sheaf

E⊕m ∈MH(A,mv0)\M s
H(A,mv0),

the map

γ : [E⊕m] 7→ ΨA′→A′ ◦ ΦA→A′ [E⊕m]

∼= [ΨA′→A′ ◦ ΦA→A′E ]⊕m
(3.5)

is well-defined as Fourier–Mukai transforms preserve colimits. It also means that we have
birational map

γ : MH(A,mv0) 99KMH′(A
′,mv′0)

as they are irreducible moduli spaces and H,H ′ are generic. We have the following commu-
tative diagram of isotrivial fibrations

MH(A,mv0) MH′(A
′,mv′0)

Â×A Â′ ×A′

γ

∼=

Then we can see the restriction of γ on the open-subset of MH(A,mv0), which is identified
with some open-subset of MH′(A

′,mv′0) by γ, induces an isomorphism between two open-
subsets of KH(A,mv0) and KH′(A

′,mv′0). ♣

Remark 3.5. The wall-crossing principle here also includes the classical wall-crossing of
Gieseker moduli spaces. It means that we can assume that H = H ′ in (3.3) and (3.4) if H
is both mv0-generic and mv′0-generic.

Now we study the birational equivalences between supersingular OG6 varieties. In analogy
to the primitive case in [19], we will show that all the OG6 varieties associated to a fixed
abelian surface are quasi-liftably birational (see [19, Definition 3.15] for the definition). It is
not hard to prove the birational equivalence, the difficult part is the quasi-liftability. This is
because the auto-equivalence of supersingular abelian surfaces is not necessarily liftable. We
will carefully analysis how to decompose an auto-equivalence into a series of liftable ones.

Theorem 3.6. Let v0 be a primitive Mukai vector with v2
0 = 2. Set v = 2v0. Let H be

a v-generic polarization. For a general polarization H ′, there is a quasi-liftably birational
equivalence

K̃H(A, 2v0) 99K K̃H′(A, (2, 0,−2)).

In other words, for a supersingular abelian surface, OG6 varieties with different Mukai vec-
tors are all quasi-liftably birational.
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Proof. Since v0 is coprime to p, by Theorem 3.3, there is an autoequivalence ΦEA→A : Db(A)→
Db(A) whose induced map

Φ∗ : ÑS(A)→ ÑS(A)

sends v0 to (1, 0,−1). By Proposition 3.4, there is a birational map

MH(A, v) 99KMH′(A, (2, 0,−2)). (3.6)

Arguing as in [19, Proof of Theorem 6.12], we obtain a birational map

γ : KH(A, v) 99K KH′(A, (2, 0,−2)). (3.7)

by taking the Albanese fiber.
Proposition 2.9 and Lemma 2.6 allow us to construct the relative moduli spaceMH(A, v)

whose generic fiber is the moduli space of semistable sheaves for some v-generic polarization
in characteristic 0. Hence it is sufficient to choose the generic polarizations at the special
fiber. We split the proof into two cases:

(1) If rk(v) > 0, then we can perturb the polarization H within the v-chamber which it
lies in, so that it falls in some (2, 0,−2)-chamber. The new polarization will be denoted by
H ′′. Proposition 2.4 implies that H ′′ is both v-generic and (2, 0,−2)-generic. Thus after
doing that, we will obtain a commutative diagram of birational maps

KH(A, v) KH′(A, (2, 0,−2))

KH′′(A, v) KH′′(A, (2, 0,−2))

γ

wall-crossing

γ′

By construction, the two spaces on the left are identical since the stability condition is
unchanged for the Mukai vector v. The right vertical birational map is liftable: we first lift
the triple (A,H ′, H ′′) by [19, Proposition 6.4] to a mixed characteristics base W ′, and then
their generic fibers are birational as we can perform the wall-crossing principle for changing
the lifted polarizations at the generic fibers. The birational map γ′ is also quasi-liftable since
it can be constructed as follows:

We can assume that c1(v0) is ample as there are identifications

MH′′(A, v) = MH′′(A, (2r, 2c1 + 2nH ′′, 2s′))

for all positive integers n with suitable s′, since tensoring with OA(H) will not change
the moduli space. Moreover, we can assume that c1(v0) is 2v0-generic. This is because
the set of v-walls is locally-finite and depends only on the discriminant ∆. Thus we write
v0 = (r,H ′′′, s′) with H ′′′ ample and 2v0-generic. Therefore, we have a liftably birational
map

KH′′(A, v) 99K KH′′′(A, v),

by the wall-crossing of polarizations. Then we use again [19, Proposition 6.4] to lift the
triple (A,H ′′′, E) for E the class of the fiber of some elliptic fibration of A, and apply the
autoequivalence in Theorem 3.3 to produce a quasi-liftably birational map

KH′′′(A, v) 99K KH′′′(A, (2, 0,−2))

as H ′′′ is (2, 0,−2)-generic by Proposition 2.4.
(2) If rk(v0) = 0, then v0 = (0, c, s) such that c is effective and s 6= 0. For a line bundle

L, the autoequivalence

(−)⊗ L : Db(A)→ Db(A)

induces a quasi-liftably birational map

KH(A, 2(0, c, s)) 99K KH(A, 2(0, c, s+ (c · c1(L))).

Since (c · c) = 2 and gcd(c ·H, s) = 1, we can find a divisor m1c + m2H, such that s + (c ·
(m1c + m2H)) = 1. Let L be a line bundle whose first Chern class is m1c + m2H, then
tensoring L makes the degree-2 part of the Chern character equal to 1.
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Therefore, we can assume that s = 1. Then let us consider the derived equivalence ΦP

induced by the Poincaré bundle P on A× A (recall that A has a principal polarization). It
produces a quasi-liftably birational map

KH(A, (0, 2c, 2)) 99K KH(A, (2,−2c, 0)).

Finally, by tensoring a line bundle whose first Chern class is c, we have an quasi-liftably
birational map

KH(A, (2,−2c, 0)) 99K KH(A, (2, 0,−2)).

By combining the above maps, we obtain the desired quasi-liftably birational map. ♣

4. Unirationality and motive

In this section, we prove the main Theorem 1.4. An important ingredient we use is
the construction in [39] of a rational dominant degree-2 map from a 6-dimensional moduli
space of sheaves on the Kummer K3 surface to the OG6 variety, for certain Mukai vector of
torsion sheaves. Throughout the section, A is a supersingular abelian surface defined over
an algebraically closed field k of characteristic p > 2.

4.1. Generic polarization. Given a Mukai vector v ∈ ÑS(A), we need to characterize v-
generic ample line bundles on A. When v is primitive and coprime to p, it is shown that
every ample line bundle H is v-generic ([19, Lemma 6.10]). However, this is no longer the
case for non-primitive Mukai vectors. For instance, if A = E1 × E2 is a product of two
elliptic curves and v = 2(0, E1 + E2, 1), then by taking two stable sheaves F1, F2 such that
v(F1) = (0, 2E1, 1) and v(F2) = (0, 2E2, 1), we can produce a strictly semistable sheaf F1⊕F2

that does not satisfy the condition in Definition 2.1. Thus the ample line bundle OA(E1+E2)
is not v-generic. However, in the case where of rank-0 Mukai vector of divisibility 2, we have
the following sufficient condition for the v-genericity.

Proposition 4.1. Let H be a principal polarization on A, which is not the sum of two
elliptic curves. Let v0 = (0, H, s). Then H is 2v0-generic.

Proof. Let F ∈MH(A, 2v0). It is a purely one-dimensional sheaf with Hilbert polynomial

PH(F , n) = (2H ·H)n+ 2s = 4n+ 2s.

Suppose E ⊂ F is a stable factor of F . We want to show that v(E) = v0. Denote v(E) =
(0, c′1, s

′) and v(F/E) = (0, c′′1, s
′′). Then we have c′1 + c′′1 = 2H and s′ + s′′ = 2s. Since E

and F/E have the same reduced Hilbert polynomials as that of F , namely n+ 1
2s, we have

(c′1 ·H)s = 2s′, (c′′1 ·H)s = 2s′′. (4.1)

By definition, E is also purely one-dimensional. We claim that E is a stable sheaf such
that Suppdet(E)3 is an irreducible curve C in A, and the restriction of E on C is locally-free.
First, to see the irreducibility of C, suppose otherwise that C1 +C2 is a decomposition of C
and ji : Ci → C is the embedding respectively. Then we can see that the quotient sheaf

E|C → ji,∗j
∗
i E|C

has the same reduced Hilbert polynomial as E , a contradiction to the stability of E|C . Hence
C is irreducible. As E|C is stable, hence simple, we have dimkH

0(C, E|C ⊗ E|∨C) = 1, which
yields that

1− dimH1(C, E|C ⊗ E|∨C) = χ(E , E) = −(c′1)2 (4.2)

Thus (c′1)2 ≥ −1. As the Neron-Severi lattice of A is even, (c′1)2 ≥ 0.
On the other hand, we can assume that E and F/E not isomorphic (otherwise v(E) =

v(F/E) = v0 and we are done), but they are stable with the same reduced Hilbert polynomial,
thus Hom(E ,F/E) = 0. It implies that

dim Ext1(E ,F/E) = −χ(E ,F/E) = (c′1 · c′′1) (4.3)

3This is the determinant support, see [3, Section 3.1] for the definition.
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Hence (c′1 · c′′1) ≥ 0. Then by the equations c′1 + c′′1 = 2H, we can conclude that (c′1 ·H) ≥ 0
and (c′′1 · H) ≥ 0. Therefore we must have s′ = s′′ = s, (c′1 · H) = (c′′1 · H) = 2 and
0 ≤ (c′1)2 = (c′′1)2 ≤ 2.

If (c′1)2 = 0, then c′1 is the class of an elliptic curve of degree 2 on A, contradicting to the
assumption. Thus (c′1)2 > 0. It forces that (c′1)2 = (c′′1)2 = 2. Now the Hodge index theorem
applied to the divisors H − c′1 and H − c′′1, gives us that c′1 = c′′1 = H. In conclusion, all
stable factors of F must have Mukai vector v0. ♣

4.2. Mongardi–Rapagnetta–Saccà double cover.

Proposition 4.2. Let v0 = (0, c1, s) be a primitive Mukai vector with v2
0 = 2 and let H be a

2v0-generic polarization on A. If c1 is not the sum of the classes of two elliptic curves, then
there is a dominant degree-2 rational map

MH′(Km(A), ṽ) 99K KH(A, 2v0) (4.4)

from the moduli space of H ′-stable sheaves on the Kummer surface Km(A) for some Mukai
vector ṽ and some ṽ-generic ample line bundle H ′.

Proof. This is explained in the introduction of [39]. We include a proof for readers’ conve-
nience. We may assume that c1 = c1(L) is the class of a principal polarization L of A and
the general members in |L| are smooth curves of genus 2. Let

ϕ|2L| : A→ |2L|∨ = P3
k

be the morphism associated with the linear system |2L|. It is well known that the image
of ϕ|2L| in P3

k is a singular quartic surface, which is isomorphic to Kms(A) := A/±. The
Kummer K3 surface Km(A) is the minimal resolution of Kms(A). We have the following
cartesian diagram:

BlA[2]A KmA

A KmsA = A/±

π

ϕ

By Lemma 4.1, L is 2v0-generic. We treat first the case K̃L(A, 2v0). Let D be pull-back
of a hyperplane section of Kms(A) along the resolution π. Suppose H ′ is an ample divisor in
NS(Km(A)) which is generic with respect to the Mukai vector ṽ = (0, D, s). Then we have
the following diagram, where the vertical arrows are support morphisms:

MH′(Km(A), ṽ) ML(A, 2v0)

|D| |2L|
∼=

(4.5)

Now, we claim that the map [E ] 7→ [ϕ∗π∗E ] defines a rational map

MH′(Km(A), ṽ) 99KML(A, 2v0). (4.6)

In fact, we can choose a general point [E ] ∈ MH′(Km(A), ṽ), which corresponds to a purely
one-dimensional H ′-stable sheaf E that supports on a smooth curve C ∈ |D|. Thus it can be
viewed as a locally-free sheaf on C ∈ |D| ∼= |2L|. Its pull-back ϕ∗E on A is a L-stable sheaf
with Mukai vector (0, 2c1, 2s) as the restriction of ϕ on C is a degree-2 étale cover.

Next, we need to show that the rational map (4.6) factors through KL(A, v) and it is
dominant. The generic image of the rational map (4.6) lies in the zero fiber KL(A, 2v),
because the Albanese invariant of c2(π∗E) = π∗c2(E), which is pulled back from the quotient
A/±, is zero. Hence (4.6) gives a rational map

MH′(Km(A), ṽ) 99K K̃L(A, 2v0), (4.7)

which is dominant, as both varieties are proper, irreducible, and 6-dimensional.
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It remains to prove the case of some other 2v0-generic polarizationH. This follows from the
birational equivalence between MH(A, 2v0) and ML(A, 2v0) proved in Proposition 3.4. ♣

4.3. Unirationality. We prove the unirationality for supersingular OG6 varieties.

Proof of Theorem 1.4 (i)⇒ (iii). By Theorem 3.6, all OG6 varieties for different choices
of Mukai vectors are birationally equivalent, hence it suffices to show the unirationality of

K̃H(A, v̄) for a specific Mukai vector v̄. Here is the construction of such a v̄. According
to the a result of Ibukiyama, Katsura and Oort [24] (not explicitly stated, but see [26,
Theorem 5]), every supersingular abelian surface A contains a smooth curve C of genus
2 as Thêta divisor. We take v̄ = (0, 2Θ, 2), where Θ is the class of C. By Proposition

4.2, for a v̄-generic polarization H, the resulting OG6 variety K̃H(A, v̄) admits a dominant
map from MH′(Km(A), v′). However, by [19, Theorem 1.3], MH′(Km(A), v′) is birational to

Km(A)[3], the Hilbert cube of the Kummer K3 surface Km(A). One can conclude by using
the unirationality of Km(A) established by Shioda [50]. Note that we did not use liftability
results in this proof. ♣

4.4. Motive of supersingular OG6 varieties. The following theorem computes the ra-
tional Chow motive of supersingular OG6 varieties.

Theorem 4.3. Let k be an algebraically closed field of characteristic p ≥ 3. Let A be a
supersingular abelian surface over k and v0 a primitive Mukai vector with v2

0 = 2. Set
v = 2v0. For any v0-generic polarization H, the motive of the supersingular OG6 variety

K̃H(A, v) is of Tate type:

h(K̃H(A, v)) =
6⊕
i=0

1(−i)⊕b2i , (4.8)

where b2i is the 2i-th Betti number of OG6 varieties, as is computed in [39].

Proof. Thanks to [19, §3.6], Chow motive is invariant under quasi-liftably birational equiv-
alence for symplectic varieties. By Proposition 3.6, we only need to treat the special case
where v0 = (0,Θ, 1) with Θ = [C] where C is the smooth genus 2 curve in A as in §4.3.
Following [39], let D ∈ Pic(Km(A)) be the pull-back of the hyperplane section class from the
singular Kummer surface Kms(A), and let Y := MH′(Km(A), (0, D, 1)) be the 6-dimensional
moduli space of stable sheaves on Km(A) with Mukai vector (0, D, 1) with respect to some
generic polarization H ′.

Now we use [19, Propsition 6.4] to lift the abelian variety A together with the divisors
Θ and H ′, over a discrete valuation ring W ′ which is finite over W and with residue field
k. Denote by A the lifted abelian scheme. Using the construction of Langer [29, 30] of
relative moduli spaces of sheaves on A and Km(A), together with our discussion in §2.2 on

the resolution (Theorem 2.10), we get the lifting of K̃ := K̃H(A, (0, 2Θ, 2)), denoted by K̃,
and the lifting of MH′(Km(A), (0, D, 1)), denoted by Y, as well as a rational map

Y // K̃,

which is the lifting of the degree 2 rational map constructed in Proposition 4.2.
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On the geometric generic fiber, according to the result in characteristic zero [39, §5], the

rational map Y η̄ 99K K̃η̄ can be resolved as follows:

Ŷη̄

β

��

ε̂

��
Y η̄

h

��

K̂η̄

ρ

��

Y η̄ // K̃η̄

(4.9)

where h is the blow-up along the disjoint union of 256 copies of P3
η̄, β is the blow-up along

∆ ' BlAη̄×A∨η̄ [2](Aη̄ × A∨η̄ )/±1, ρ is the blow-up along the disjoint union of 256 three-

dimensional quadrics, and ε̂ is a ramified double cover. As the notation indicates, all the
blow-ups can be performed over W ′ and the diagram (4.9) is indeed the base change to the
geometric generic fiber of the analoguous diagram over W ′, except that a priori ε̂ is only a
rational map over W ′.

Using the surjectivity and the projectivity of the morphism Ŷη̄ → K̃η̄, we obtain that

there is a splitting injection from the Chow motive of K̃η̄ into the Chow motive of Ŷη̄. By

specialization, the Chow motive of the special fiber K̃ is a direct summand of the Chow

motive of the special fiber of Ŷ, denoted by Ŷ . Therefore, to prove that h(K̃) is of Tate

type, it suffices to show the same for h(Ŷ ).

However, by construction, Ŷ is the obtained from Y by first blow-up along 256 copies of
P3
k, resulting a space Y , and then blow-up Y along a center ∆ ' BlA×A∨[2](A×A∨)/±1.
By [19, Theorem 1.3(iii)], the Chow motive of Y is of Tate type. Since the Chow motive

of P3 is of Tate type, the blow-up formula implies that the Chow motive of Y is of Tate type.
Observe that

h(∆) ' h(A×A∨)inv ⊕ (1(−1)⊕ 1(−2)⊕ 1(−3))⊕256 .

However, by the computation of the motive of supersingular abelian varieties [19, Theorem
2.9], h(A × A∨)inv is of Tate type. Another application of the blow-up formula yields that

the Chow motive of Ŷ is of Tate type. Hence h(K̃) is also of Tate type. The explicit formula
(4.8) can be obtained by looking at the cohomological realization. ♣

4.5. Proof of Theorem 1.4. (i)⇔ (ii) is Lemma 3.1.
(i)⇒ (iii) is proved in §4.3.
(iii)⇒ (ii): unirationality clearly implies rational chain connectedness. We use [20, Theorem
1.2] (see [19, Theorem 3.10]) to conclude the 2nd-Shioda supersingularity, which implies the
2nd-Artin supersingularity.
(i)⇒ (iv) is contained in Theorem 4.3.
(iv)⇒ (v) easily follows by applying the cohomological realizations.
(v)⇒ (ii) is clear since 2nd-Shioda supersingularity implies 2nd-Artin supersingularity.

It only remains to verify that dimH2,0(K̃H(A, v)) = 1, under the assumption that A is
supersingular. Since h2,0 is a birational invariant, Theorem 3.6 implies that it suffices to
show the case when v = 2(0,Θ, 1) with Θ ∈ NS(A) the class of the principal polarization.
From the proof in Theorem 4.3, we have the Mongardi–Rapagnetta–Saccà double cover

ψ : Y 99K K̃H(A, v),

where Y is a moduli space of stable sheaves on the Kummer surface Km(A). It is easy to
see that the pullback map

ψ∗ : H0(K̃H(A, v),Ω2
K̃H(A,v)

)→ H0(Y ,Ω2
Y )
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is injective when p > 2. Hence h2,0(K̃H(A, v)) ≤ h2,0(Y ). By [19, Theorem 1.3 (ii)], Y is an

irreducible symplectic variety (in particular, h2,0(Y ) = 1). It follows that h2,0(K̃H(A, v)) = 1
in this case.
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